Supplementary material for ‘“Analyzing Free-
standing Conversational Groups A Multimodal
Approach”: Derivations of the ADMM

The minimization of the augmented Lagrangian with respect

to Jp and Jy, i.e. (9) can be split into two independent
problems:
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These two optimization problems are strictly equivalent to:
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which are solved in closed-form by computing the singular
value decomposition of KT'"1 — —M}T)"'1 and shrinking its

singular values with the factor Z* [7]

The optimization with respect to Ky and Ky, i.e. (10)
is slightly more complicated. The idea is to compute the
gradient, and then find the critical point by solving a linear
system of equations, so to cancel out the gradient. In order
to do that, we first notice that the nuclear norms depend
neither on Ky, nor on K. Furthermore, the derivative of
the regularization terms added when writting the augmented
Lagrangian, that is the last four terms of (8), is trivial. We
focus in the derivatives of the error terms, the temporal
regularization terms and the coupling terms, all of them
including projections.

In order to to that, we rewrite these terms with the row-
vectorized matrices, ki, = vec(Ky) and ki = vec(Kh):
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With these notations the gradient of the objective function
in (10), £q10) = LI I Ky, Ky, M, Mj, ) with respect
to ky, and ki, writes:
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where the bold-faced lower-case letters stand for the row-
vectorization of the respective matrices. Before proceeding

we notice that the following relations hold:

I 0
I 0 0
PbOTPté) _ KC ® [ 0 Or_m, } 7
Ixrd,+1)
Ixc®L 0
PR (Ic ® T,) PR =
© ( c® b) [S] 0 OKT(db+1)

hTpb | Ikrc O KT(dp+1+C)x KT (dy+1+C)
Po Pg = { 0 0 } eR .
By canceling (23) and (24) we obtain:
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ogously for Zy,.

Since the matrices of the systems above are block diag-
onal we can rewrite the system as several smaller systems.
More precisely Zy, (and Zy) decompose in K C' blocks of size
T, plus a scaled identity matrix of size K'T'(dy + 1) (respec-
tively KT (dn + 1) for the head). Importantly, the first part
corresponds to ®P (@") and the second part to VP (V).

We recall the notations kp k. and ky . defined in Sec-
tion 3.2. With these notations we can now easily rewrite
the two previous systems of equations. The systems for ki, k.
and ky k. are coupled:

Lukb, ke = Kn ke + Kb ke (28)
Lukn, ke = kb ke + Kn ke (29)

where Eb,kc is defined as:
Kb ke = Ab [ Ig” g } jb,kc +my 5. + ¢bj£,+klc (30)

and Eh,k,c analogously for the head. The solution of this
linear system is directly (14) and (15). The system for ky, v
and kn v is trivial and reduces directly to (16) and (17).



